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LOCATION OF CENTER OF PRESSURE OF ATRPLANE WINGS.
By Mises.
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In the first Yoiume of the "Ergebnisse aus der aeféd&n&mischei
Versuchsanetalt zu Gdttingen" (Results obtalned in the G3ttingen
Aerodynamio lLaboratory), data are glven in considerable detail on
the resulting air force moment ezerted on various wing sections &<
different angles of attack, A hydrodynamic theory, which (on the
assumption of uniform motion and hence of irnfinitely wide wings)
renders it possible to occmpute thies moment as a funotion of the
angle of attack, was first published by me in 1917 and supplemeni-
ed in 1930 ("Zeitschrift flir Flugtechnik und Motorlufischiffahrtr,"”
1917, pp. 157-163, 1930, pp, 68-73 and pp, 87-83). The GAttingen
data can well serve to test the theory and it may be remarked. in
advance that experiment and computation compare very favorably.

It seems especially noteworthy that a portion of the demonstrable
agreement 1s entirely inddpendent of the diminution undergone by
the air forces in the transition to wings of finite width.

The theoretical results may be summed up as follows: Let W
represent the air dénsity' %, v the velooity of the air in the
wind tunnel (flight speed), and & the "effective" angle of attack,
l.e. the angle between the speed veotor and a fixed direction in
the wing seotion, so selected that the 11ft vanishes for & =0
(direction of the firet axis of the wing section). Then the 1lift
for the unit width of wing

A=4muveasina (1)

* From "Zeitschrift fir angewandte Mathematik und Mechanik, February
1933, pp. 71-73.
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and the moment of the 1ift for a given pivot bhas the value -

M=3mpv2 @ sin 3 (a ~ ) (3)

u oA, o

R e
[E

in whioch &a, ¢ and 'w are certaln fixed values of the wing seotion,
whioh will be disocussed later. If the pivot is moved from the
partioular position assumed in equation (38), a digtance 1 in the
direction forming the angle ¢ with the "first axis" of the wing

section (Fig. 1), the moment becomes

M, =M ~-Al cos (@ - @) = (3)
3muva[c2ein 3 (@ ~ ) -~ 3 a 1l sinacos (G-CP)]}

If we divide A by the ciord b and the so-called dynamic

pressure, i.e. %a, we obtain the dimensionless "coefficient of

11ft. "

3A _-guw2gina - (4)
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and if we reduce M, Dby the square of b and the dynamic pressurc

and change the sign, we obtain Prandtl's "coefficient of moment. "

(5)

411[3-13'—" gin ccos (a - @ -%—;aina (¢ -7 ]

By a very simple transformation in the right-hand member of
equation (5), we can introduce expression 4 and thus_ obtain the

formula

Cp = Cq.l %cos (o -cp)_-i:boos cos (& - )]
= } (8)

+8ﬂ2;sin'vooauoos (o - )

o
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which 1s adapted for comparison with the formula resulting from the
Gottingen experiments. In all practical cases, .a, Y and ¢ are
such small angles that it is permissible to consider all cosines

in equation (8) as equal to unity. Henoce, equation (6) becomes

L _of o3 :
Op =Cqg [~ -2-] +8m=;sin ¥ (7)
" a[b ab] . 'y .

i.e, the coefficient of moment o, represented as a functlon of

the coefficient of 1ift og, é:lves a straight line. 1If we assume
that, as a result of the finite width of the wing at every point or
the chord extension, only the }\—f;:ld of the forces caloulated for

"uniform motion" is effective (A <1, about 3/3 for ordimary ocases,

and put cp' = Acp, Cg' = Acy, equation (?) becomes
cm'=ca'|:l-_‘—lz +x8n2;sin'? (8)
P ab bl

The inclination of the line om/ ©g 1is therefore independent
of the diminution factor A. We accordingly recognize in the prac-
tiocal agreement of the computed and experimentally determined in-
clination a touchstone for the theory.

Fig. 3 represents a wing section, for which all the character-
istlcs of 1ift and moment have been acm rately computed. If we
choose, ag was the oase in the G8ttingen experiments, the forward
end of the chord for the center of moments for M,, the dimensions

determining the inclination of the line have the values

a =044, b=1863, 1l=0.79, o® = 0.1789,



¥iun these tke coeffioclent of o, 1n equation (7), or ¢p' in
equation (8), is found to be 0,337, 'In order to be able to judge
of the degree of approximation of e‘qua.tion (7) to the exact equa-
tion (6), the precise values. of the coefficients of Cy In equatic
(6) are given for the values ¥ .==_3.5° and @ = 13° here involved,
They are for a = 5° . o° . &° "10° - 15°

" p.218 0.287 0.833 0,338 0,343

The variations are therefore in faot small.

A glance at the GBt'I'::ln'ge'n rex;ort (pp. 83-101) shows immediate-

(1) that all og'/op' 1ines are mearly straight, exoepting for
a systematic deflection at the smallest angles of attack; (3) that
all these lines .are almost eqﬁally inoclined, about ¢ :.1, thus
corresponding to the coeffiolent O. 35, _ |

The theory alsc teaches that, within the range of the wing
sections in praoctical use today, the determining ratios for the
lines of moment, o : &, b : a, and i: a vary only very slightly,
The limiting 1.ra.1uee, which apply striotly oaly for an ini’initely
thin straight wing seotion but from which in aotual praotioe there
is but little devia.tion, are

o'

4

from whiloh follows the valuesO.35 of the coefficient in_equations
(7) and (8), in agreement with the mean experimental value.
The relation of the poslition of the lline of moments with re-

spect to the origin of the coordinates is not so clear. The con-
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s what mewdez of equaiion (7) contains the quaniity <Y, the angle
tetween the "first" and "second" axis of the wing seotion. This
quantity depends on the shape of the entire wing seotion and may be
determined in each individual case, as soon as the conformable image
on the unit circle has been found, As & starting point, to vwhich
reference has alresly been made, Y may be oonsldered equal to about
one-fourth of the angle of camber of the mean seotj’mon line. The di-
agrams 1n the report show in fact that the op'/oy' 1ine moves to-
ward the right, when the camber is inoreased. In order to test the
amount of the displacement with respect to the origin of the ordi-
nates, wing section 397 (Fig. 3) of the report was chosen, in whi.ch
the experimental points of the straight line, computed g.coord.ing tc
equation (8) with A= 3/3 (or really of the exact line according

to equation (8), conform olosely (Fig, 4). The camber of wing seo-
tion 387 (Fig., 3) is doubtless smaller than that of the theoreti-
cally tested one in Fig, 3, so that it must be assumed tbat the for-
mer bas a considerably emaller V.. From this it would follow that
the value of A cbtained from the ratio of the 1ift values Ca' * G
is too gmall. The systematio experiments for discovering the influ-~
ence exerted by the aspeot ratio of a rectangular wing on the air
foroes, led to the result (see p, 50 of the report) that o', con-
sidered a function of ¢g's 1s practiocally independent of the as-~
rect ratio. BSince, on the other hand, the ratio ca' t oy depends
greatly on the aspsot ratio of the wing, we are led to conclude from
the result of these exper:lmeﬁts, that A must equal unity (N = 1) in
equation (8). Comparison with the wing section in Fig. 3 and other:
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in the G8ttingen report does not gainsay this conolusion in the
least.

We may sum up by saying that the hyiirodynamio theory, 1in olost
agreement with observation for the relation between the coefficleni
of 1i1ft and moment, gives a straight line with the inclination of
1 ¢ 4, whose distance from the origin of the coordinates inoreases
with the camber. The Gegree of dependsnce on the camber and the
poseible influence of the aspect ratio of the wing still need to

be ocleared up.

Translated by the National Advisory Committee for Aeronautios.



«~Seconu. axis

. Direction of

‘W

Fig.2

(mm%

Wing scction No.337
Fig.3

160 | 4

[04]
Q
SRSV

C=? f P
sobt 4

e e

1
2 o
U S
%\Q: )
O F,

-10 0 10 20 30

£

lighe



/WMWI!HNHIHIINIHIHIWHHI\l||l|ﬂl|lH| -'

.‘{ 3117




